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In this paper, we correct an inaccurate result of previous works on the Feynman propagator in 
position space of a free Dirac field in (3 + l)-dimensional spacetime, and we derive the generalized 
analytic formulas of both the scalar Feynman propagator and the spinor Feynman propagator in 
position space in arbitrary {D + l)-dimensional spacetime, and we further find a recurrence relation 
among the spinor Feynman propagator in [D + l)-dimensional spacetime and the scalar Feynman 
propagators in {D + 1)-, [D — 1)- and {D + 3)-dimensional spacetimes. 
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> ■ I. INTRODUCTION 

o : 

I^H \ Although one cannot adopt the extreme view that the set of all Feynman rules represents the full theory of quantized 
QQ fields, the approach of the Feynman graphs and rules plays an important role in perturbative quantum field theories. 
For a generic quantum theory involving interacting fields, the set of its Feynman rules includes some vertices and 
propagators. While for a free field theory, there is only one graph, that is, the Feynman propagator, in the set of 
'" ^ its Feynman rules. Thus the Feynman propagator describes most, if not all, of the physical content of the free field 
I , theory. It is true that the real world is not governed by any free field theory; however, this kind of theory is the base 

■ of a perturbatively interacting field theory, and the issues of a free theory are usually in the simplest situation and 
\ thus will be attempted to study at the first step of investigations. 

It has been mentioned in Ref.[ll, [3, H, 0, 0, H, 0, that in (3 -1- l)-dimensional spacetime, after integrating over 
momentum, the Feynman propagator of a free Klein-Gordon field can be expressed in terms of Bessel or modified 
Bessel functions, which depends on whether the separation of two spacetime points is timelike or spacelike. By 
changing variables to hyperbolic functions and using the integral representation of the Hankel function of second 
kind, the authors of Ref.[ll] derived the full analytic formulas of the Feynman propagors of free Klein-Gordon and 
Dirac fields in (3 -I- l)-dimensional spacetime. And the expressions of the Feynman oropagators of a free Klein-Gordon 
' field in (1 4- 1)- and that in (2 -|- l)-dimensional spacetime can be found in Ref. Q and respectively. However, 

■ in Ref.yl the expression for the Feynman propagator of a Dirac spinor field is inaccurate, since there is at least a 
redundant term in their results. In this paper we will show that the term actually vanishes and we will give the correct 
expression. Furthermore, we will generalize the results of previous works and derive the full analytic formulas of the 

QQ ' Feynman propagators in position space of, respectively, the Klein-Gordon scalar and the Dirac spinor in arbitrary 
. {D + l)-dimensional spacetime. Eventually we will find an interesting recurrence relation between the spinor Feynman 
propagator in {D + l)-dimensional spacetime and the scalar Feynman propagators in (_D + 1)- and alternate-successive 
dimensional spacetimes. 

This paper is organized as follows. In Section [Til after briefly reviewing the derivation of the analytic formulas of 
5—1 \ the Feynman propagators of a free Klein-Gordon field in (1 + 1)- and (2 -1- l)-dimensional spacetime, we will compute, 
once and for all, the scalar Feynman propagator in {D -\- l)-dimensional spacetime, and we will compare our results 
for the case D = 1,2,3 with the results of previous works. Although the method we will use is different from that 
used in Ref. we will see that both the results are consistent with each other. In Section Hill we will make use of 
the obtained formula of the scalar Feynman propagator to compute the expression of the spinor Feynman propagator 
in {D + l)-dimensional spacetime, and we will also compare this result for D = 3 with that of Ref.[l|, and we will 
show that one additional term in Ref. [l[ actually has no contribution and the method they used to prove the term 
nonzero was inappropriate. And we will further derive a recurrence relation between the Feynman propagators in 
position space of the Dirac spinor field and the Klein-Gordon scalar fields in three alternate-successive dimensional 
spacetimes. The last section is devoted to conclusions. 
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II. FEYNMAN PROPAGATOR OF KLEIN-GORDON THEORY 

Following the notation of Ref. [1, Q, we write the Feynman propagator of a free Klein-Gordon field 0(x) = 4>{t,x) 
in [D -f- l)-dimensional spacetime as the time-ordered two-point correlation function: 

Df{x) EE {Q\T(t>{x)(t>{Q)\Q) = e{x'^)D{x) + e{~x°)D{~x) , (1) 



2 



with the unordered two-point correlation function 

D{x) ^ (O|0(x)0(O)|O) = I ^±-e-^i^.^'-P-^) . (2) 

Combining the above two equations gives 

DAt,,) = Dm,,) . / (0^_e-(-.N---) . (3) 

Thus, we can obtain the analytic formula of the Fcynman propagator in position space by integrating over the D- 
dimcnsional momentum in the expression of D(\t\, x). This integral in D-dimensional Euclidean space can be evaluated 
by changing the variables from Cartesian coordinates to spherical coordinates. Since the angular integral parts look 
a little different in (1 + 1)-, (2 + 1)- and general {D + l)-dimensional (for D > 3) spacetimes, in order to be more 
careful in our derivation, let us consider these situations case by case. Eventually we will show that the general result 
of {D + l)-dimensional spacetimc holds for D = 1,2 as well. 



A. (1 + l)-dimensional spacetime 

When the spatial dimension D = 1, eq.Q becomes 

/•+00 7 1 

DF{t,r)^ — — e-'(-^l*l-f'-) , with E=^p^+ m? (4) 

J-aa 27r2i; 

Using the substitution E = mcoshry, p — msinhr/ (with — oo < j] < oo) in the above integral, we have 

1 /■+°° 

Dp(t,r)^— ^^g-"«(|t|cosh„-rsinh„) 

Due to the Lorentz invariance, the Feynman propagator can depond only on the interval x"^ = — r^. If the 
interval is timelike, x^ > 0, we can make a Lorentz transformation such that x is purely in the time-direction: 
= 6{t)y/ 1"^ — r'^ — ie, r = 0. Note that is not a single-valued-function of s and here and henceforth the cut line 
in the complex plane of s is chosen to be the negative real axis, and the negative infinitesimal imaginary part, — ie, 
is because of the Feynman description of the Wick rotation, i.e., — ie in position space and correspondingly 

k'^ ^ k'^ + ie in momentum space. Thus, 



1 p + oo 

DF{t,r) = ^ ^^^-^mVt--r--^ecoshn 



= -'-Hl^\m^i^-r'- -le) (6) 

where H^\x) is the Hankcl function of second kind, and where we have used the identity in # 3.337 of Ref . (Tll| . 

+00 

dr]e~'P cosh n ^ _,^^^2) ^ (-^ < arg /3 < 0) (7) 
Likewise, if the interval is spacelike, x'^ < 0, we have 



1 
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DF{t,r) = — I d^e'^Vr^-t^-H.esinhr, 

= ^Koim^/r^ -f^ +ie) (8) 

ZTT 

where Ko{x) is the modified Bessel function, and where we have used the identity in # 3.714 of Ref. pH . 

d7?cos(/3sinh/7) = /i:o(/3) , (-| < arg/3 < |) (9) 
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It is worthwhile noting that the — ie description assures the proper phase angles of ^/x^ — ie in eq.® and v~a;^ + ie 
in eq.®, respectively, so that the mathematical identities ([7]) and ^ can happen to be applied to figure out these 
two expressions. In the limit of ^ 0, both eqs. © and ([5]) are divergent and are approaching 

lim ~-H^^\m\/x'^ ~ie) - — In ^-^^ (10) 

lim ^KQ(m\/ -x"^ + ie) -^\vl „^ . (11) 

which are of the same form and do not depend on the mass to, and which can be recognized as the scalar Feynman 
propagator on the lightcone. The above expression is indeed the Feynman propagator of a massless scalar field, 



Dpix) = -5- In , for m = (12) 

47r x^ — le 



In summary, the scalar Feynman propagator in position space may be written in a compact way as 

Drix) = B{x^)[ - ^H^r,^\mVx^ - ie)] + ei-x^)^Ko{m^/^xF+ie) (13) 

\ 4 J ZTT 

where the theta function 9{x) is defined as 

eix) = £jiy)dy ^ [:;[!) (14) 

and the value of 9{x = 0) depends on whether the argument x is approaching to from the positive or negative real 
axis, that is, 9{0+) = 1 and 9{0-) = 0. 

B. (2 + l)-dimensional spacetime 

In (2 + l)-dimensional spacetime, the Feynman propagator of a free scalar field is 

DF{t,r) = - — ^/ d9 dpJLe-*(■^l*l-^"■'=°'^^^ with E = y/f^T^ (15) 

Using the similar calculation procedure, we can obtain the analytic formula of the scalar Feynman propagator in 
(2 + l)-dimensional spacetime as follows 

Df{x) = 9{x^) ^^^g-^mx/i^ ^ 9{-x^) ^^^e-™x/^S^ (16) 

An^/ x"^ — ie 47rv— a;^ + ie 

Eqs. (fT^ and agree well with the results of previous works [ol. [Tot- 

C. [D + l)-diinensional spacetime (for D > 3) 

Now, let us proceed to compute the scalar Feynman propagator in [D + l)-dimensional spacetime (for -D > 3). 
Since the method we will use in the following differs from that used in Ref.[l[, let us wait to see whether the results 
from these two approaches are consistent or not. Changing the variables from Cartesian coordinates to spherical 
coordinates, eq.Q becomes 

^J=^(*''') = 7Tru7F7i5^ / sin^^'^^^W dpLe-(s|*l-f— «) , with E = ^Jv^^ (17) 
yi-K) i (—2—) Jo Jo '^'^ 

To evaluate the above integral, we need to figure out the angular integral /J' dBsvvP^^ Q^ipr cos _ From the formula 
# 3.387 of Ref.[ll|, 

^ /2\''~^ 
dx{\^x^Y-\'^'■' ^^/^(-\ T{v)J^_l{^l) , (Rez^>0) (18) 
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we can easily find that 



d0sin'^0e'P''^°''« = — Vr(^^^)J.(pr) (19) 
\pr J 2 2 



Then, substituting cq. p^ with k = D — 2 into cq. (fT7|) . we obtain 

DFit,r) = ——^^f dp^J„_^(pr)e-^^l*l , with E = ^p^ + (20) 
2(27r)TrT--i- Jq E 2 

which, by changing variable of integration to x = E /m^ leads to 

DF{t,r) = —^^^^^ dx(2:2- 1)^(^-1) J._i(mry^^)e-™l*l^ (21) 
2(27r) 2 r 2 Ji 2 

To compute the above integral, we can make the analytical continuation of the 2nd formula of 6.645 of Ref . [TH . 

dx{x^ - l)3^e-""J,(/3v/a;2 _ 1) = J-p^^a" + + ley^^-i K,.i{^/a^ + /32 + ie) (22) 

V TT 2 

and obtain the following identity: 



Substituting ea. (|23p (with = -j — 1 , a ~ mt , 6 = m?') into eq. (|2ip . we obtain 

DF(t,r)^ iT'^''"'y _, g^(mVt2-r2-z6), (for - > 0) (24) 

-D-l 

m 2 



I?^^(t,r) = — ^j^^— — ^i^^(™y^^^7^) , (for r^-t^>0) (25) 

(27r)-5^(r2 - i2 + jg)— 2 

In the limit of — > 0, the above two formulas are approaching to a common asymptotic expression, that is, the scalar 
Feynman propagator on the lightconc: 

n^)f 1 



Df{x) ^ -^S^ - , (for ^ 0) (26) 

47r— V - lej 

which is indeed the exact formula of the Feynman propagator of a massless scalar field. In summary, the full analytic 
expression of the scalar Feynman propagator in {D + l)-dimcnsional spacetime is given by 



2 2 TT 2 (a;^ — le) i 2 



m 2 



+^(-^') .. ,n±i, , Kn^(m^-x^ + ie) (27) 

{2-k) 2 (— + le) 4 ^ 

In particular, taking Z? = 3, it follows from the above equation that 

Df{x) = 0(x2) gf>(TOVa;2-te) + ^(-a:^) /" /^i(TOv/-a;2 + ze) (28) 

which is consistent with the results in (3 + l)-dimensional spacetime of Ref. [l|. Moreover, ea. ipT)) holds not only for 
Z? > 3, but also for Z) = 1, 2. Noting the facts that 

izf (x) = ^^/^e— , K^{x) = ./f e"- , (29) 
2 V TTX 2 V 2a; 
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FIG. 1: The scalar Feynman propagator Df(0, r) with spacehke separation r in (D + 1) -dimensional spacetime, where we have 
set the mass parameter m = 1; and the solid-line corresponds to D = 1, while the dashed-lines, from long to short, correspond 
to D = 2, 3, 4, 5, respectively. 



it can be easily verified that if the spatial dimension is taken to be D = 1,2, ea. (|?7|) will reduce to eqs. (fT5|) . (|16p . 
respectively. Therefore, in the following we will use eg. ((27)) to describe the scalar Feynman propagator in {D + 1)- 
dimcnsional spacetime for D > I. The shapes of the scalar Feynman propagators with spacclike or timelike separations 
in different dimensional spacetime are shown in Figs [T] and [21 respectively. The figures exhibit that in any dimensional 
spacetime, the spacelike propagation amplitude is dominated by the exponential decay, while the timelike propagation 
amplitude behaves as the damped oscillation; and in both cases the more dimension of spacetime, the more rapidly 
the propagation amplitude decreases. 



III. FEYNMAN PROPAGATOR OF DIRAC THEORY 



In this section, let us calculate the analytic formula of the Feynman propagator in position space of a free Dirac 
spinor field in {D + l)-dimensional spacetime. Since we have obtained the exact expression of the scalar Feynman 
propagator in any dimensional spacetime, ea. (|27|) . it is straightforward to get the expression of the spinor Feynman 
propagator by means of the relation Sf{x) = {i$ + 7X1)0 f{x). The result we obtain is 



(— i) m 2 f 

p+1 



Sf{x) = e{x 



2 2 TT 2 (a;2 — ig) 4 

-D + 1 

2 



H D~3 {ni\/ x"^ — ie) — H^o+i {m\/x^—ie) 



nf 2\ im :]t 

2 2 TT 2 (— a;^ -|- It) i 



K D-a (m\J —x"^ -f ie) + K d+\ (rn\/ —x^ + ie) 



2 ;^2— 



-Dp{x) + mDpix) 



(30) 



(2) 

where ^ = j^x^, and where we have used the following recurrence relations of the Hankel function Hi, {x) and the 
modified Bessel function K^{x): 



^Hl^\-) = l[Hl'2,{x)^Hltix)] 

^i^.(.T) = -i[AV-l(.T) +i^.+ l(x)] 



(31) 
(32) 
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FIG. 2: The real and imaginary parts of the scalar Feynman propagator DF{t,0) with timelike separation t in (_D + 1)- 
dimensional spacetime, where we have set the mass parameter m = 1; and the solid-line corresponds to D = 1, the long 
dashed-Iine D — 2, and the short dashed-line D = 3. 



In particular, when the spatial dimension D = 3, eq. (|30|l becomes 



Sf{x) 



167r(x 



2 -ie) 



Hq {m\/ — ie) — H2 {m\/ — ie) 



87r2(-a;2 + ie) 
Dp{x) + mDp{x 



Ko{m\/—x^+ie) + K2{m\/ —x^ + ie) 



(33) 



which is a httle different from the results of Ref. [l| , besides the less important factor of i owing to the convention 
that Dp{x) here equals to iAi?(x) there. The essential difference between our results and those of Ref. [ij lies in that 
there is an additional term multiplied by 5{x'^) in that book, which is proportional to eq.(34) in page 80 of Ref. [11]. 
However, we find that this term is redundant, since its proportional factor can be shown to vanish as follows: 



lim 



va?2 



-.H^^ {m\/x^—ie) 
2 



i i 



=h[^^ {—im\/—x^ + ie) 
2 



\/ x"^ — ie TT my/x"^ — ie 
2i 2i 



V— a;2 + ie tt {—im\J—x'^ + ie) 



7mT{x^ 




ie) rm:{~x'^ + ie) 



(34) 



The reason why the authors of Ref. [l| regarded the above term as to be nonzero may come from that they had taken 
both a;2 and —x'^ to be the absolute value \x'^ \ simultaneously in their calculation. However, it is obviously impossible 



that both and —x'^ were equal to jx^j, even if x" 



"2^0, because x'^ can only be approaching zero from either of the 
positive or the negative axis direction, that is, in any case x'^ and —x'^ always have opposite signs even if they are 
infinitesimal. 

Moreover, from eq. (|30p together with eq. (|27p . we obtain an interesting recurrence relation for the spinor Feynman 
propagator in (D + l)-dimensional spacetime and the scalar Feynman propagators in [D — 1)-, {D + 1)- and {D + 3)- 
dimensional spacetimes as follows 



i^ 



le 



m\D 



47r(a;2 



le) 



{D-l) 



ix) 



- iTT:^D^p+^\x) 



(35) 
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where the superscripts denote the spacetime dimensions of the respective physical quantities. The above relation 
essentially stems from the facts that the Feynman propagator in any dimensional spacetime can be expressed in terms 
of Bessel and modified Bessel functions, which has been proved in this paper. And it exhibits that the free Dirac 
theory and the free Klein-Gordon theories in alternate-successive dimensional spacetimes might be related to each 
other. 



IV. CONCLUSIONS 

In this paper, we have pointed out and corrected an error of the results of previous works on the analytic expression 
of the Feynman propagator in position space of a Dirac spinor in (3 -I- l)-dimensional spacetime, and we have derived 
the generalized analytic formulas of both the scalar Feynman propagator and the spinor Feynman propagator in 
position space in any {D + l)-dimensional spacetime. The method we have used in this paper is different from 
that used in Ref . [l| . And the result we have obtained shows that the analytic formula of the Feynman propagator 
in position space can be also expressed in terms of Hankel functions of second kind and Modified Bessel functions 
in a general {D + l)-dimensional spacetime, just like the known case in (3 -I- l)-dimensional spacetime. From the 
obtained results, at the end we have found an interesting recurrence relation among the spinor Feynman propagator 
in {D + l)-dimensional spacetime and the scalar Feynman propagators in {D + 1)-, {D — 1)- and (D + 3)-dimensional 
spacetimes. 
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